Introduction
Let F q be the nite eld of q elements of characteristic p. Let p be the completion of an algebraic closure of the p-adic rational numbers Q p . Let R p be the ring of integers in a nite extension of Q p contained in p . Suppose that B(X) is an r r matrix (a ij (X)) whose entries a ij (X) are elements of the convergent power series ring over R p :
R p ffXgg = R p ffX 1 ; ; X n gg = f X u2N n a u X u ja u 2 R p ; lim juj!1 a u = 0g;
where N is the set of non-negative integers, X u = X u 1 1 X un n and juj = u 1 + + u n . Alternatively, the matrix B(X) can be written as a power series P b u X u with coe cients in the (non-commutative) ring of r r matrices M r r (R p ). We can then de ne the L-function of B(X) on the a ne n-space A n =F q as follow: ; where x is the Teichm uller lifting of x and d(x) denotes the degree of x over F q . This in nite product is a well de ned power series with coe cients in R p because there are only nitely many closed points of a given degree. If V=F q is an a ne variety contained in A n , then one de nes L(B=V; T) to be the product in (1.1) except that we now restrict x to run only over the closed points of V=F q . Using a standard reduction argument and Dwork's analytic construction of additive characters, one sees that the more general L-function L(B=V; T) can be written as an L-function on the a ne space A n as de ned in (1.1) for a larger n and a di erent matrix B(X). Thus we will be interested a weaker form of the Katz conjecture is true but the full form is false. To describe the results, let us write This result is not new. It is in fact a consequence of a more general theorem of on the compliment of a hypersurface (with a mild assumption on the hypersurface), except that in 13] a step function is used instead of the much simpler logarithm function. We shall also prove a strengthened form of Theorem 1. This type of uniform results is the basis in 28] to prove the full strength of some conjectures of Goss 15] on global L-series of Drinfeld modules. It is expected that uniform results would also play an important role in the author's future investigation on Dwork's unit root zeta function 10]. The importance of uniform variation was rst pointed out to me by P. Deligne. The main new result is the following counter-example which shows that Theorem 1.1 is best possible in some sense. Assume that the power series P u>0 c u T u modulo the maximal ideal of R p is not a rational function over its residue eld (i.e., the coe cients c u do not satisfy any linear recurrence relation in the residue eld), then the L-function L(B=A; T) is meromorphic in the open disk ord q (T ) > ?h but not meromorphic on the closed disk ord q (T ) ?h .
To describe the nal result, recall that the degree of a rational function is the degree of its numerator minus the degree of its denominator while the total degree of a rational function is the degree of its numerator plus the degree of its denominator. Even though Theorem 1.1 can be derived from a more general theorem of Dwork-Sperber 13], we shall include a self-contained treatment here for several reasons. First, the special a ne space case treated here can be proved in a signi cantly simpler way. Second, this special a ne space case is su cient for applications to function elds even in the most general case 28]. Third, since we also need a stronger family version of Theorem 1.1, it is by going through the known explicit proof of Theorem 1.1 that one sees the uniform variation of L-functions. The proof of Theorem 1.2 is a little more subtle. It requires a delicate precise estimate for the coe cients of the L-function. Two shorter variations of the proof of Theorem 1.2 were kindly communicated to me by Dwork. However, we decide to use our original detailed proof.
For simplicity, as in 29] we shall directly work with (in nite) matrices instead of operators on p-adic Banach spaces. This is su cient for meromorphic continuation, which is our main purpose here. However, to study deeper properties such as cohomological formula for L-functions (see Conjecture 6. 
Reduction to torus G n m
For a subset S f1; 2; ; ng (possibly empty), let B S (X) be the analytic matrix obtained from B(X) by setting x i = 0 for all i 6 2 S. The matrix B(X) can also be viewed as an analytic matrix on the torus G n m and we may follow T whose degree is zero and whose total degree is at most r2 n n + d=(q ? 1)] n :
In the more general case case that B(X) is a Laurent polynomial in X, the L-function L(B=G n m ; T) is still a rational function whose degree is zero and whose total degree can be estimated using the method of Adolphson Remark. If B(X) is the rank one matrix corresponding to the overconvergent power series for the exponential sums associated to a polynomial of one variable, then the L-function is a rational function whose degree is not zero in general. Comparing with Theorem 2.3, one deduces the observation 8 DAQING WAN that Dwork's analytic formula for additive characters can not be replaced by a polynomial. Now, we brie y discuss the more general L-function L(B=V; T), where B(X) is the matrix given in (1.2) and V is an a ne (or quasi-a ne) subvariety in A n =F q . We emphasis that our L(B=V; T) is not the most general form. We assumed that B(X) is a global convergent power series as in (1.2). One can de ne L(B=V; T) for a more general Krasner analytic matrix B(X) on V , which in general can not be written as a global convergent power series in (1.2). The study of such more general L-functions needs the more general Reich-Monsky trace formula. We have essentially restricted ourself to the simplest torus and a ne space cases in this paper. Clearly, we may assume that V is a ne. Let be a non-trivial additive character of F q . Let V be de ned by the equations g 1 (X) = = g k (X) = 0. 
Trace and Fredholm Determinant
The trace and determinant of an in nite matrix can be de ned in usual way as long as everything is convergent. To be self-contained and rigorous, we recall precisely what we mean by trace and Fredholm determinant. Next, we consider the variation of a family of Fredholm determinants parameterized by a parameter y in some metric space Y , not necessarily compact. In all applications we have in mind, the space Y will be a subset of the ring of p-adic integers Z p with its p-adic topology. Thus, we shall assume that Y is a subset of Z p with its induced p-adic topology. . (2) . For any > 0, there is a real number > 0 such that whenever jy 1 ? y 2 j q < , we have the inequality jjf(y 1 ; q T) ? f(y 2 ; q T)jj < : In terms of the Gauss norm, this means that jjf(y; q T)jj is uniformly continuous in y. These two conditions implies that for any given > 0, there is a real number > 0, such that whenever jy 1 ? y 2 j q < , the two functions f(y 1 ; T) and f(y 2 ; T) have the same number s of zeroes on the closed disk ord q (T )
, which can be arranged as f 1 (i); ; s (i)g for 1 i 2 such that j j (1) ? j (2)j q < for all 1 j s.
We say that the zeroes and poles of the family f(y; T) ow continuously in y on the closed disk ord q (T ) if f(y; T) can be written as a quotient f 1 (y; T)=f 2 (y; T), where the zeroes of f 1 (y; T) and the zeroes of f 2 (y; T) ow continuously in y on the closed disk ord q (T ) .
The following result is immediate. is easily seen to be zero (simply looking at the most \negative" point v (i) ).
The above lemma and Corollary 3.4 show that the Fredholm determinant of F B is well de ned. Expanding (q k ?1) n in (4.2) and using the identity (3.5), one gets the following multiplicative form of the Dwork trace formula. The Dwork trace formula for the a ne space A n can be derived from its torus version in (4.9) via a combinatorial argument using the torus decomposition (2.2). Since the a ne space version will be used in section 7, we now carry out the deduction. This proves (4.13).
Meromorphic continuation and rationality
We prove Theorem 2.1, its family version and Theorem 2.3 in this section. We rst prove Theorem 2.1. By Lemma 4.2, it su ces to prove the meromor- The claim is true and the proof of Theorem 2.1 is complete.
The proof shows that the meromorphic continuation is uniform if we have a uniform family B(X; y). We make this precise. 
Counterexamples
We now begin to prove Theorem 2. We now return to the proof of Lemma 6.1. Using Lemma 6.2, we deduce
By the de nition of the b(i), we also have
Equations (6.11) and (6.12) together imply
We deduced (6.13) just starting from u 1 in (6.8). Similarly, if we start with u j in (6.7), then we will deduce that
where we de ne a(k + i) = a(i).
Since u 1 1, by (6.7) there is some j such that a(j) 1 (i.e. not all a(i) will be zero). Fix one such j, then (6.14) shows If is not a k-cycle, we can apply Lemma 6.1 to each cycle contained in . Since contains at least two proper cycles, the rst sum in (6.17) contains at least two terms. Thus, the rst inequality in (6.17) is a strict inequality and it follows that ord q
This proves that if is not a k-cycle, then its contribution in (6.15) is zero.
The theorem is proved. where a closed point means the orbit of a periodic point of F and d(x) denotes the length of the orbit. In the case when K is an archimedean eld, the Lfunction in (7.1) is simply Ruelle's dynamic zeta function which accounts for the number of periodic points with weights.
It is clear that the Dwork trace formula (Lemma 4.2) can be applied to study the L-function in (7.1) in some cases, particularly when K is a nonarchimedean eld. For example, let K be a complete discrete valuation ring contained in some complete and algebraically closed non-archimedean eld .
Let X be the a ne space A n ( ) and F be the q-th power map, where q is a Remark. In the above example, we can take F to be the p-th power map (p is a prime number) and K to be the`-adic integers Z`with =`, whereì s a prime number which may be di erent from p. Finally, we describe in details the characteristic p results for the torus and a ne space cases, which will be used in 28].
Let F q be the nite eld of q elements. Let A be the ring of regular functions of a smooth absolutely irreducible a ne curve, possibly de ned over a nite extension eld of F q . Let be a prime of A. Let A be the completion of A at . We also use to denote a uniformizer of A . Let n be a xed positive integer. Let B(X) be an r r-matrix whose entries are power series over A . Namely, we can write The L-functions L(B=G n m ; T) and L(B=A n ; T) are de ned by (2.1) and (1.1) with x = x since we are in characteristic p and therefore p-adic lifting is not necessary. This is a power series with coe cients in A . Then, we have where S is the full set f1; ; ng. The proofs in sections 5-6 carry over word for word with ord q replaced by ord , etc. Thus, Theorems 7.1-7.2 follow. Theorem 7.3 follows from (5.5)-(5.6) and (7.4)-(7.5). The proof is complete. Note that the conclusion in Theorem 7.1 is stronger than the conclusion for the p-adic case. It says that the L-functions raised to (?1) n?1 -th power is actually entire in the same disk, not just meromorphic. The example in section 5 shows that the degree bounds in Theorem 7.3 are attained in some cases.
The following strengthened form of Theorem 7.1 is also valid. This is a direct analogue of Theorem 5.2. 
